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A B S T R A C T

This paper presents a novel control strategy to minimize residual vibrations and overshoot using inertial
dampers in repetitive tasks. In this work, vibration data collected during repeating task is utilized to generate
a fully pre-scheduled feedforward compensation signal that assists the inertial damper’s original feedback
controller to further enhance its vibration mitigation capability. Optimal feedforward signal is determined
iteratively over successive operations considering the actuator stroke and force limits. Numerical and experi-
mental results validate the approach demonstrating significant (up to 87%) reduction in peak vibration while
using equal or less actuator force as compared to the conventional control.
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1. Introduction

Machine tools and industrial robots frequently perform repetitive tasks
in mass manufacturing such as repetitive cutting, welding or material han-
dling. Productivity increase is often limited by residual vibrations induced
by the inertial forced vibrations triggered due to rapid motions of the
machine axes. Approaches such as trajectory pre-filtering using B-Splines
[1], servo tracking error pre-compensation [2], input shaping, or Finite
Impulse Response (FIR) filtering based command generation [3] have been
proposed to avoid inertial forced vibrations while maintaining the contour
accuracy of the machine tool. However, these trajectory generation solu-
tions face practical challenges in industrial settings, primarily due to the
limited access to CNC interpolators.

Closed-loop control techniques employing additional acceleration feed-
back sensors [4] or relying on the internal machine sensors [5] have been
proposed to enhance machine tool’s accuracy. High-accuracy contouring
control can also be achieved through model-reference feedforward (FF)
controllers [6]. Such techniques use the known machine dynamics, but
they do not benefit from the repetitive nature of the task.

When the task characteristics are not varying from iteration to itera-
tion, batch-to-batch feedforward control [7] and Iterative Learning Control
(ILC) have shown promising results, particularly in reducing vibrations in
robotic arms [8]. However, these methods also often necessitate substan-
tial modifications to machine controllers, a barrier in many industrial
applications.

To circumvent modification of the trajectory generation or the closed-
loop control functions of the CNC system, external hardware solutions
such as mounting of passive or active dampers on the machine structure
are considered to improve machine’s dynamic characteristics. Active
dampers have been effectively employed in forced vibration reduction [9]
and chatter suppression [10] with automated solutions for tuning their
feedback control laws [11]. Direct velocity feedback (DVF), implemented
with accelerometers, is generally favored for its simplicity and robustness
in inertial damper control. Both DVF and H-inf control laws aims at inject-
ing viscous damping to a targeted mode and have been compared for chat-
ter suppression applications [12]. Additional damping provided by the
inertial damper greatly shortens the settling time; however, it does not sig-
nificantly reduce the initial overshoot. Specific passive mass damper tuning
strategies have been proposed for pulse-like responses to further minimize
the initial overshoot [13,14], but it has not been yet proposed for inertial
actuators.

This paper presents a novel strategy to enable the use of active
inertial dampers for effectively suppressing inertial forced vibrations.
The idea is to exploit the nature of repetitive cutting, welding or pick-
and-place operations, and generate a task-specific pre-scheduled con-
trol signal, referred as the feedforward (FF) compensation signal, for
the damper to greatly enhance its performance. Fig. 1 illustrates the
strategy. Vibration data measured during an operation (task) is used to
generate a feedforward compensation signal, which is commanded to
the damper in the subsequent task. The response is recorded, and the
control signal is iteratively optimized to improve the response over
successive tasks while considering the actuator force and stroke limits.
The proposed strategy does not require direct communication with the
NC system retaining the plug-and-play functionality of the active
damper systems.
2. Iteratively tuned compensation signal generation

Let us consider a finite-time repeating task, such as a repetitive cutting,
welding or pick-and-place operation where inertial forced vibrations are
triggered by the rapid motion of machine tool axes, xr . As depicted in
Fig. 2a-b, when an inertial damper is attached, the target point’s motion
(vibration) xt , and the damper mass’ relative motion xd can be modeled as:

xt ¼ GTRxr þ GTFuff

xd ¼ GDRxr þ GDFuff
g ð1Þ

where GTR and GDR denote the dynamics between the target point xt and
machine axis xr and the damper xd, respectively. Similarly, GTF and GDF

denote the response dynamics due to the FF control (compensation) signal
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Fig. 2. System model and B-spline signal parameterization.

Fig. 1. Iterative compensation scheme for inertial damper.
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uff commanded to the damper’s controller. Note that xr , GTR and GDR are not
accessible in practice unless there is a high-fidelity communication with
the host CNC. xt can be measured by a displacement or accelerometer sen-
sor, and GTF and GDF can be identified via a sine-sweep using the inertial
damper.

Considering sampled signals during successive tasks; xt
ðlÞ ¼

½xtð0Þ⋯xtðNÞ�T denotes vibration recorded during the lth operation (task).
The objective is to generate a fully pre-scheduled FF compensation signal
u
ðlÞ
ff for the damper to minimize vibrations either during the entire opera-

tion, or at a specified portion of the task. To reduce the number of variables,
u
ðlÞ
ff ¼ ½uff ð0Þ⋯uff ðNÞ�T can be parameterized by a smooth B-spline of degree

n havingM < N control points P as:
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where z represents the B-spline parameter within the range [0,1], effec-
tively normalizing time as a uniformly discretized variable across N + 1
points (z0; z1; :::; zN). NM;nðzÞ are the B-spline basis functions of choice, eval-
uated on a uniform knot vector.

Eq. (1) can be re-written using Eq. (2) in lifted domain (vector-matrix
form) as:

xt ¼ GTRxr þ GTFBP

xd ¼ GDRxr þ GDFBP
g ð3Þ

where GTR; GDR are (N þ 1Þ � ðN þ 1Þ convolution matrices containing the
impulse response coefficients of GTR and GDR . Also note that the GTFB and
GDFB terms in Eq. (3) represent the so-called filtered B-spline basis
function [1] matrixes.

The objective is to determine the B-spline control points P that define
the compensation signal u

ðlÞ
ff to minimize the target’s relative vibration

from a set-point et ¼ xt � xset iteratively over successive tasks (operations).
This problem can be postulated as:

minP J ¼ 1
2
k et k 22

� �
¼ minP

1
2
eTt et

� �
; ð4Þ

and assuming that both the task and the setpoint do not vary x
ðlþ1Þ
r ¼ x

ðlÞ
r

and x
ðlþ1Þ
set ¼ x

ðlÞ
set , the B-spline control points P can be determined iteratively

over successive tasks by using Newton’s iterations without knowing the
reference trajectory xr as:
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where r JðlÞ is the gradient, and r 2JðlÞ is the hessian of the cost function
computed based on the signals and measured dynamics:

r J lð Þ ¼ dJ
dP

¼ r e lð Þ
t e

lð Þ
t ¼ GTFBð ÞTe lð Þ

t

r 2J lð Þ ¼ r e lð Þ
t r e lð Þ

t ¼ GTFBð ÞT GTFBð Þg: ð6Þ

Notice that GTFB is fixed since it is based on the damper’s transmission
dynamics and the initial B-spline parameterization. Therefore, the gradient
r JðlÞ is updated after each task (iteration) based only on the recorded
vibration data e

ðlÞ
t , whereas the hessian r 2J is model-based and constant

yielding convex optimization to deliver a globally optimal set of control
points P as l! 1 . a in Eq. (5) is the step-size or also called as the learning
gain. Range of learning gains for iteration stability can be analyzed [7]
where 1>a>0 provides reliable convergence.

Inertial actuators must operate safely within their stroke and force lim-
its, and hence the above problem (Eq. (4)) is augmented with inequality
constraints to generate a bounded control signal:

minP J ¼ 1
2
k et k 22

� �
; subject to :

uLB�ud�uUB

xLB�xd�xUB
��

ð7Þ

where ðxLB; xUBÞ and ðuLB;uUBÞ denote damper’s stroke and total force ðud ¼
ufb þ uff Þ bounds, respectively. This requires the control point increment
over successive iterations to be constrained. Vibration propagation can be
represented by Taylor approximation as:

e
lþ1ð Þ
t ¼ e
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where r eðlÞt ¼ ðGTFBÞT , and DPðlÞ is the control point increment. Enforcing
1-step convergence by considering only the 1st order term in Eq. (8) yields:

e
lþ1ð Þ
t ¼ 0) e

lð Þ
t þ r e lð Þ

t DP lð Þ ¼ 0; ð9Þ
and the optimization problem is re-postulated to enforce Eq.(9) in the
sense of least squares with constraints as:

minDP lð Þ J ¼ 1
2
k e lð Þ

t þ r e lð Þ
t DP lð Þ k 22

� �
s:t: :

uLB � ud � uUB
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��
ð10Þ

to determine the optimal control point increment DPðlÞ . The inequality con-
straints are imposed discretely at m points along the task trajectory as
illustrated in Fig. 2c. Since r eðlÞt is constant, the objective function in Eq.
(10) is updated based only on the measured vibration e

ðlÞ
t at each iteration

(task), and the above problem can be solved conveniently using quadratic
or linear programming strategies by implementing the constraints linearly
as described below:

Step 1: Set trial number l ¼ 0, and initialize the FF signal, uð0Þ
ff ¼ 0.

Step 2: Execute the task, and measure relative vibration eðlÞt , damper’s
displacement xðlÞd and total force command uðlÞ

d .



Fig. 4. Illustrative example I.
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Step 3: Evaluate the objective function in Eq. (4) and the actuator limits
constraints from Eq. (7). If they are not satisfactory, continue to Step 4. Oth-
erwise, proceed with Step 5.

Step 4: Solve the constrained least squares problem in Eq. (10) by
imposing the constraints linearly as:

uLB � ud � uUB

xLB � xd � xUB

�
! uLB � u

lð Þ
d þ BDP lð Þ � uUB

xLB � x
lð Þ
d þ GDFBDP

lð Þ � xUB

)((
ð11Þ

and determine the optimal control increment DPðlÞ to generate the FF com-
pensation signal, uðlþ1Þ

ff ¼ B PðlÞ þ DPðlÞ	 

.

Step 5: Increment task number l lþ 1, and proceed with Step 2.
Remarks: Some remarks can be made on the practical implementation

of the proposed algorithm.

1) If the damper is used for minimizing structural, e.g. machine
frame, column, etc. vibrations, the set-point is typically xset ¼ 0.
When used for minimizing servo positioning errors, the set-point
is selected based on the application such as xset ¼ xr , or it is con-
structed from the filtered motion signal, xt .

2) The FF signal is finite-time and task-specific, tuned iteratively over
repeated execution of the same task.

3) To synchronize the FF signal with the task, a trigger is used, which
is the only required interaction with the machine’s CNC. Alterna-
tively, this could be replaced with an external short-range position
sensor to have an independent integration.

4) Lastly, the measurement of target point’s vibration and damper’s
displacement require external sensors, e.g. accelerometer or a dis-
placement pick-up. However, once the data-driven FF signal tun-
ing is completed, such signals are no longer needed, and the
sensors can be removed.

3. Illustrative examples

Illustrative examples simulate the functionality of the algorithm on the
system described in Fig. 3a with the parameters given in Table 1. It resem-
bles a flexible servo mechanism where the load-mass is attached to a rigid
wall (motor) and positioned ðxrÞ back-and-forth repeatedly. A Direct Veloc-
ity Feedback (DVF) control is implemented on the active inertial damper to
dampen the vibration of the load-mass xt . Fig. 3b illustrates that the inertial
damper can increase the modal damping of the load mass by 5x.
Fig. 3. Single degree of freedommodel for illustrative examples.

Table 1
Simulation system parameters.

Mass Viscous damping Stiffness B-spline
parameters

mt = 50 [kg] ct = 50 [Ns/m] kt = 9:6 � 106 [N/m] n = 3
md = 5 [kg] cd = 628.3 [Ns/m] kd = 1:97 � 104 [N/m] M = 500

Fig. 5. Illustrative example II.
The motion command ðxrÞ planned using a jerk-limited trajectory to
travel back-and-forth L = 40mm at a speed of F = 120mm/s, acceleration
A = 3000mm/s2 and jerk J = 6 £ 105mm/s3 shown in Fig. 4a is commanded
to the system repeatedly. The objective is to generate the compensation
signal for the inertial actuator so that the load-mass mt does not vibrate
relative to the motor position. In this case the set-point becomes the refer-
ence trajectory itself xset ¼ xr , and the constrained optimization problem in
Eq. (10) is solved.

To ensure a fair comparison, the actuator force and displacement
bounds are set identical to the peak values observed when the DVF con-
trolled damper was operating, and the constraints are imposed evenly
along the entire trajectory at m = 1000 discrete locations. As shown in
Fig. 4, the DVF controlled damper helps improve the settling time. How-
ever, it cannot eliminate the initial overshoot observed at the motion
reversal point of the trajectory (see Fig. 4c). The proposed FF compensation
strategy converges after the same task is executed 2 times (See Fig. 4b),
and it enables the damper to almost fully eliminate the overshoot as shown
in Fig. 4c. The peak overshoot reduces by 93% from �21mm to �1:4mm.
Notice that the proposed compensation scheme can be implemented to
supplement the existing DVF control (See DVF+FF signal in Fig. 4c), or it
can be used directly when the damper is operating in open loop (See FF sig-
nal in Fig. 4c). The RMS error of Fig. 4d is reduced by 37%. Furthermore, as
shown in Figs. 4f-g, damper stroke and force limits are kept unchanged
from when DVF was operational.

In practice, xr cannot be acquired from the NC controller of the host sys-
tem. xt can be measured using an accelerometer along the entire trajectory.
However, in point-to-point positioning operations, vibrations need to be
minimized only at the end/reversal point of the trajectory. Therefore, a dis-
placement sensor with limited range can be used to measure xt in the
vicinity of the motion reversal point, xt 2 ½L� Dx�, and the algorithm can be
used to minimize vibrations locally around it. During the first task xt is
recorded locally at the trajectory reversal point, and the B-spline control
points are allocated in its vicinity. Next, the set-point deviation ðeÞ is locally
constructed using a small portion of xt to minimize its deviation from the
reversal-position L as shown in Fig. 5a. Dx ¼ 6mm is used, and results are
summarized in Fig. 5.
As shown, even if the algorithm is used to minimize vibrations locally,
the overshoot is almost fully eliminated. Furthermore, when reducing
vibrations locally, the damper can be commanded to use less force and dis-
placement as compared to the DVF as shown in Figs. 5d) and e). For
instance, when the FF signal is constrained to use half of the force level of
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DVF control (50/2 = 25N), peak vibration can still be reduced by 85% from
21mm down to 3:2mm. In other words, the inertial damper controlled by
the pre-scheduled task-specific FF control signal can outperform the DVF
control with less actuator force leading to potentially more compact and
cheaper active damper designs.
4. Experimental results

Experiments are conducted on a single axis flexible feed drive system
shown in Fig. 6a. The table is supported by air bushings and driven by a
ball-screw. A voice coil motor actuated stage is attached on the table to
function as an inertial damper and to minimize the table side vibrations
during point-to-point positioning. The damper can provide »260N peak
force, and it is equipped with a linear encoder for measuring its relative
inertial mass displacement. Note that the damper is not equipped with a
physical spring to center its mass. This functionality is realized by a PD
position controller instead.
Fig. 6. Experimental results.
Fig. 6b shows the dynamics of the system. xr ¼ 0 is commanded to the
motor, and GTF ¼ xt=uff and GDF ¼ xd=uff are identified by a sine sweep
using the damper. In this demonstration, the table position ðxtÞ is mea-
sured by a linear encoder, but it could also be acquired by a displacement
sensor totally independently from the machine’s numerical controller. The
flexible ball-screw system exhibits a dominant mode at 61Hz, which indu-
ces positioning errors on the table side during rapid motion.

The inertial damper is utilized to suppress table vibrations locally at the
motion reversal point of the trajectory as shown in Fig. 6c. The linear
encoder is used to measure table vibrations within Dx ¼ �5mm range of
the trajectory’s reversal point (40mm). The reference task trajectory and B-
spline parameters are identical to the ones used in simulations from Sec-
tion 3.

Fig. 6e shows the table positioning errors at the motion reversal point
of the trajectory for different DVF gains. As shown, the DVF controlled
damper cannot eliminate the initial overshoot of the table. As the DVF gain
is increased to g = 0.2, it already starts to destabilize the system (See force
signal in Fig. 6g), which shows its practical limitation.

Next, the DVF control is tuned off, and the proposed FF compensation
scheme is implemented with actuator stroke limits set identical to the case
when DVF (g = 0.2) was operational. The total damper force limit is lowered
down to 53N to showcase the constraint functionality. As shown in Fig. 6d,
optimal FF control signal is generated after »10 iterations, and the peak
positioning error is reduced by 87% from 12mm down to 1.6mm. Notice
that the FF signal is generated locally only around L = 40mm, and the actua-
tor limits are fully respected.

5. Conclusions

This study introduces an innovative control strategy to help inertial
dampers exceed their limitations in suppressing inertial forced vibrations
and enable them to be utilized in high-speed positioning applications. The
strategy is based on generating a task-specific fully pre-scheduled feedfor-
ward (FF) compensation signal, which enables the damper to timely react
and suppress inertial vibrations and overshoot in repetitive tasks. Experi-
mental and numerical results confirm the efficacy of this approach, show-
casing up to 87% reduction in peak vibration without exceeding actuator
force and stroke limits. The strategy does not require the damper to com-
municate with the host machine’s NC system increasing its practicality and
versatility in industrial applications. Further work will analyze robustness
of the proposed framework against time-varying system dynamics, it will
address how to accommodate task variations while targeting vibration
mitigation on industrial robotic applications.
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